We study optomechanically induced transparency in a microresonator coupled with nanoparticles. By tuning the relative angle of nanoparticles, exceptional points (EPs) emerge periodically in this system and thus strongly modify both the transmission rate and the group delay of the signal. As a result, controllable slow-to-fast light switch can be achieved by manipulating external nanoparticles. This provides a new way to engineer EP-assisted optomechanical devices for applications in optical communications and signal processing.
I. INTRODUCTION
Cavity optomechanics (COM), with rapid advances in the last decade [1] [2] [3] [4] , has led to many important applications, such as optoelectronic quantum transducer [5, 6] , ground-state cooling of motion [7, 8] , phonon lasing or squeezing [9] [10] [11] [12] , and weak-force sensing [13, 14] . Optomechanically induced transparency (OMIT), as an example closely relevant to COM, provides a new strategy for the realization of coherent control or even the quantum memory of light, which can be broadly applied to numerous physical platforms, including solid-state devices [15] [16] [17] [18] [19] [20] , atomic gases [21] , and even liquid droplets [22] . In view of the wide range of COM devices achieved nowadays, OMIT provides a versatile platform to explore exotic effects such as nonlinear or cascaded OMIT effects [23] [24] [25] [26] [27] [28] and nonreciprocal physics [29] [30] [31] , leading to many applications such as wavelength conversion [32] and highly sensitive sensors [33] .
In parallel, properties and applications of exceptionalpoint (EP) systems, especially EP optics, have attracted intense interests in recent years [34] [35] [36] [37] [38] [39] [40] [41] . In such systems, two or more eigenmodes coalesce at the EPs, leading to a variety of unconventional effects observed in experiments, such as loss-induced coherence [42, 43] , unidirectional lasing [44] , invisible sensing [45] , robust wireless power transfer [46] , and exotic topological states [47, 48] . EP effects in COM have also been probed both theoretically and experimentally [12, [49] [50] [51] , such as low-power phonon laser [12, 50] , high-order EPs in COM [51] , and nonreciprocal COM devices [49, 52] , highlighting new opportunities of enhancing or steering coherent light-matter interactions with the new tool of EPs.
Very recently, by coupling a whispering-gallery-mode (WGM) microresonator with two external nanoparticles, * jinghui73@foxmail.com periodic emergence of EPs has been observed experimentally when tuning the relative positions of the particles [53] . Counterintuitive EP effects, such as modal chirality [53] and highly-sensitive sensing [54] , have been revealed in these exquisite devices. On the basis of these experiments, here we study the new possibility of COM control by tuning the relative positions of nanoparticles along the circumference of the resonator. We find that due to the particle-induced asymmetric backscattering between two near-degenerate resonator modes [55, 56] , the OMIT spectrum is strongly modified in the vicinity of EPs. In particular, a slow-to-fast light switch can be achieved by tuning the relative angle of the particles, which is of practical use in, for example, optical signal processing and communications. Our work, without the need for any optical gain or complicated refractive-index modulation [53, 54] , is well within current experimental abilities. More studies on, for example, nonlinear or topological COM [57] [58] [59] can also be envisaged with this single-resonator EP device.
II. THEORETICAL MODEL
As in recent experiments [53, 54] , we consider a WGM microresonator (of resonance frequency ω a and damping rate γ a ) coupled with two nanoparticles (see Fig. 1 ). This resonator is driven by a strong pump field at frequency ω l and a weak probe field at frequency ω p . The amplitudes of the pump and probe fields are
where P l and P p denote the pump and probe power, respectively. The resonator also supports a phonon mode with the mechanical frequency ω m and damping rate γ m . Two silica nanotips as Rayleigh scatterers, which can be fabricated by the wet etching of tapered fiber tips prepared by heating and stretching standard optical fibers The resonator supports a mechanical mode at frequency ωm, which is driven by a pump field at frequency ω l . β is the relative angle between the two particles. The complex frequency splitting ∆ω (b) and the relative photon number η (c) as a function of the angle β. In (c), we choose P l = 1 mW. [53, 60] , are placed in the evanescent field of the resonator. The position of each particle can be controlled by a nanopositioner, which tunes the relative position and effective size of the nanotip in the WGM fields. The non-Hermitian optical coupling of the clockwise-(CW) and counterclockwise-(CCW) traveling waves, induced by the nanoparticles [54] , can be described by the scattering rate [54]
which corresponds, respectively, to the scattering from the CCW (CW) to CW (CCW) modes. Here, m is the azimuthal mode number, β is the relative angular position of the two scatterers, and ǫ j (j = 1, 2) is half of the complex frequency splitting induced by the jth scatterer. Steering of the angle β can bring the system to EPs, as already observed experimentally [53, 54] . The purpose of our work here is to show the role of EPs, achieved by tuning β [53, 54] , in the OMIT process. In the rotating frame at the pump frequency, the total Hamiltonian of the system can be written at the simplest level as
where ξ = ω p − ω l and
In consideration of a small change of the cavity length, the COM coupling coefficient can be written as g = ω a /R [11] , where R is the radius of the resonator. γ ex is the loss induced by the resonator-fiber coupling, m eff is the effective mass of the mechanical mode, a cw,ccw are the optical annihilation operators for the CW and CCW modes, and
x and p denote the displacement and momentum operators, respectively. The nanoparticles induce frequency splitting of the optical modes, and the corresponding eigenfrequencies can be derived as
Since ǫ 1,2 are complex numbers, the complex eigenvalue splitting ∆ω is allowed to be zero by tuning the angle β, which brings the system to an EP. For J 1 = J 2 = 0, i.e., when the two scatterers are absent, H 0 has two orthogonal eigenstates with the same frequency. For J 1 = J 2 and J 1 J 2 = 0, H 0 has only one eigenvalue and one eigenvector, indicating the emergence of an EP [55, 56] . In this case, the critical value of β can be obtained as
where ∓ corresponds to J 1 = 0 or J 2 = 0. Here, |ǫ 1 | = |ǫ 2 |, required for the realization of EPs, can be achieved in experiments by tuning the distance between the resonator and the particles [53, 54] . By continuously tuning β, β c emerges periodically, as demonstrated in recent experiments [53, 54] . We note that the particles are not necessarily identical, and EPs can be achieved in the situation in which two particles have a tiny difference in their electric permittivity. In fact, as already demonstrated in previous works [53] , this can be achieved by adjusting the relative position of the scatterers and the resonator, so that each scatterer has the same spatial overlap with the evanescent field [53] . Figure 1(b) shows the frequency splitting ∆ω as a function of β, in which we choose ǫ 1 /γ a = 1.5 − 0.1i, ǫ 2 /γ a = 1.4999 − 0.1015i, and m = 4 [53] . We find that, in good agreement with the experiments, the real and imaginary parts of ∆ω oscillate with the same period [53, 54] . The EPs correspond to the points at which ∆ω = 0, (e.g., for β c = 0.3926, we have J 1 = 0 and J 2 /γ a = 0.0002 + 0.003i). In the following, we focus on the exotic features of OMIT in the vicinities of EPs, including the transmission rate and the group delay of the signal. For this purpose, we write down the equations of motion of the system, i.e.,
where γ = γ a − Im(ǫ 1 + ǫ 2 ) is the total optical loss, from which we obtain the steady-state values of the dynamical variables as
We see that the β-dependent optical coupling rate indeed affects both the intracavity optical intensity and the mechanical displacement. To see this more clearly, we define the relative photon number, as follows:
For the single-particle case, η is a constant; however, when another nanoparticle is introduced, this situation changes. In this case, η is a periodic function of β [see Fig. 1(c) ]. The CCW mode is absent around β ≈ 0.4. At this point, we have J 2 = 0, indicating that the scattering from the CW to CCW modes is prohibited. This means that the effective COM coupling or the mechanical oscillations can be tuned by the nanoparticles, which as a result, leads to strong modifications of OMIT. To calculate the optical transmission rate, we expand every operator as the sum of its steady value and a small fluctuation, i.e., x =x + δxe −iξt + δx * e iξt , and
Substituting Eqs. (7) into Eqs. (4) leads to
and
with f 1,2 (ξ) = γ ± i(∆ − igx) − iξ and
By solving Eqs. (8) and (9) we obtain
where,
With these at hand, the expectation value of the output field can then be obtained by using the input-output relation
where a in and a out are the input or output field operators, respectively. The transmission rate of the probe field is then
This sets the framework for our discussions of the impact of EPs on the transmission rate and the group delay of the probe light. Figure 2 shows the transmission rate as a function of the angle β and the probe detuning
III. RESULTS AND DISCUSSIONS
Here, we have selected experimentally feasible values, i.e. R = 34.5 µm, ω a = 193 THz, γ a = γ ex = 6.43 MHz, m eff = 50 ng, ω m = 147 MHz, γ m = 0.24 MHz, ǫ 1 /γ a = 1.5 − 0.1i, ǫ 2 /γ a = 1.4999 − 0.1015i, and m = 4 [38, 53] . As in standard OMIT (without any particles), when the pump is detuned from the resonance by ω m , a single OMIT peak emerges around ∆ p = 0, due to the destructive interference of two absorption channels of the probe photons (by the resonator or by the phonon mode) [15] . For completeness, we also plot the case with a single nanoparticle [see Fig. 2(a) ], i.e., a deformed spectrum due to mode splittings of both the pump and the probe, which is similar to the case with coupled two resonators [1, 23] . More interestingly, Fig. 2(b) shows the β-dependent transmission rate with two nanoparticles, featuring a Fano-like spectrum around the resonance, due to the interference between the probe and the scattered control field. For β = 0.2 or 0.6, a transparency window emerges around ∆ p /ω m = 0.13, corresponding to the frequency shifts induced by the particles [see also Fig. 1(b) ]. However, by tuning the system close to the EP (with β = 0.4), strong absorption of the probe can be achieved; see the red curve in Fig. 2(b) . Hence the relative angle between two nanoparticles can be steered to achieve not only the EPs but also the optical switching [see the highlighted zone in Fig. 2(b) ]. In Fig. 2(c) , we see that for ∆ p /ω m = 0.13, the transmission of the probe changes periodically with β, and particularly, the probe can be blocked at the EPs [see also Fig. 2(d) ]. This could be of practical uses in making a passive EP device for optical engineering and communications.
Accompanying the OMIT process, the slow light effect also can emerge [16, 17] , as characterized by the optical group delay Figure 3 shows that τ g can be tuned by changing the angle β and the pump power P l . For ∆ p = 0, the group delay can be tuned to be positive or negative, which is clearly different from the case without any particles (i.e., τ g > 0).
The means that the nanoparticles can not only able to induce the optical mode shift, but also strongly modify the dispersion of the system. Figure 3(b) shows the group delay at ∆ p /ω m = 0.13, where strong absorption can be achieved by tuning the angle close to the EP. Around the EP (β ≈ 0.4 or 1.2), the fast light can be achieved, corresponding to strong optical absorptions as shown in Fig. 2(b) .This indicates a new way to achieve slowing or advancing signals by tuning the relative positions of the nanoparticles around a single WGM resonator [53] . The nanoparticle-induced frequency shifts weakens the OMIT effect for ∆ a /ω m = 1; however, this situation can be changed if the effective detuning of the pump is chosen as Figure 4 shows the transmission and group delay of the probe light with ∆ a /ω m = 0.87. Around the EP (e.g., β ≈ 0.4), an OMIT window emerges at ∆ p /ω m = 0.13, which is similar to the standard OMIT (i.e., without any nanoparticle), but with an effective detuning of the pump ∆/ω m ≈ 1. Figure 4(b) shows that in this case, slow light always exists, which is distinct from the ∆ a /ω m = 1 case as shown in Fig. 3(a) .
Our results also reveal that near the EPs, by tuning the pump power, the group delay or advance of the probe can be manipulated in a large scale, i.e., 1.6 µs or 2.8 µs in Fig. 3 or Fig. 4 , respectively. This demonstrates a nontrivial advantage of tuning the system to EPs, where the state and responses of the optomechanical system manifest a high sensitivity in response to the input power, and thereby could be of practical uses in controlling the propagation of light in COM systems.
IV. CONCLUSION
In conclusion, we have studied OMIT in a single resonator coupled with two nanoparticles. We find that by tuning the relative position of the nanoparticles, EPs can emerge periodically and result in significant modifications of both the intracavity optical intensity and the OMIT spectrum. Also, controllable switch from slow to fast light can be achieved in such a system (for other schemes, see e.g., a recent experiment with circuit nanomechanical device [17] ). These results provides a highly sensitive way to tune the light propagation. Besides this, EP-assisted COM devices can also be used for other applications such as EP force sensing [54, 61] , topological energy transfer [49] , and mechanical amplification [12] . 
